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This 1s a study of the plane or axisymmetrical hypersonic flow of an ideal
gas 1n an expanding nozzle whose wall approximates a parabola of degree ¥ .
The possibility of attainment of arbitrarily large Mach numbers in this flow
1s studlied on the baslis of the general equations of hypersonic flows derived
in [1 and 2}. The necessary conditions to be fulfilled by x 1n order for
isentropic expansion up to ¥ = » to be attalnable ln the nozzle are deter-
mined. If these conditions are violated, isentropic flow breaks down. Exam-
ples of self-similar solutlions to illustrate the posslble cases of flow are
constructed with the aid of results obtained in [3 and 4].

1., Let us consider the plane or axisymmetrical 1sentroplc hypersonic flow
of an ideal perfect gas in an expanding nozzle the equation of whose surface
may be written as

y = czt (1 + A (), lim A (z) = 0 (1.1)
X->00
where o and % are positive constants, the Cartesian (cylindrical) coor-

dinates x, y are expressed in fractlons of some characteristic length, and
the x-axls in the axisymmetrical flow 1s the axis of symmetry. Starting at
some cross section, the flow may be considered hypersonlc, since the y num-
ber increases without limit with increasing x . In investigating the flow,
we make use of the general equations of hypersonic flows [1 and 2] which in
the case of plane or axisymmetrical 1sentropic flow are of the form

1 dlnn a9 sin® a6 amn
=T ta T =0 FHtg =0
(1.2)
a 2 . 2 2 . 2 d
—5;=coseﬁ+sm97y—, %z—sme—a—;—}-cose—a—y

where y 1s the adiabatic exponent, § 1s the slope angle between the velo-
city vector and the x-axis, v = 1, 2 for plane and axisymmetrical flows,
respectively, and v 1s a small quantity related to the local Mach number

M=VId—nix—Dn@—" (1.3)
As was shown in [1 and 2], the properties of arbitrary hypersonic flows
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depend on the value of the single parameter K = M O, where M and ¢
are the Mach number and slope angle of the velocity vector, respectively.

2., Let us trace the variation of parameter K in the flow 1n question,
For k > 1 the parameter X clearly goes to infinity, since ¢ —~ 1 and
M - o as x Increases. In this case, the conclusion drawn in [1 and 2]
coneerning the appearance of infinite domains of definition of the solution
1s valid. The equations given in [1 and 2] have a simple asymptotic solution
of the source type; the source intensity changes in going from one flow line
to another, For x > 1, vacuum pockets may appear
near the walls. It can be shown easily that the

ytx) !
boundary ! of flow with a vacuum will be a
¢ straight line (Fig.1).
Let us see how the parameter 4 changes for
k¥ < 1 . From the equation of continuity written
> in integral form we have
v (%)
Fig. 1 S puy*ldy = const (2.1)

0
where y and p are the axial velocity and density, respectively; the integral 1s taken
over the nozzle cross section for a fixed x . As x tends to infinity, u
tends to the maximum rate of gas escape into the vacuum U, . Assuming that
no vacuum pockets form in the channel, we use Equation (2.1) to obtain the
law of variation of the average density o, over the cross section. Then,
imowing p, . we apply the 1sentroplcity equations to find the law of varia-
tion of the remaining flow parameters — the pressure p, , the velocity of
sound a, , and the Mach number )y, corresponding to the given value of p,

Px ~ x"Vk, Dy ~ l‘”ka, Ay ~ x—’/:vk(Y'—l)’ M* — Mvk(y-1) (22)

As the characteristic anglé ¢ of the given cross section we can take
the slope angle between the channel wall and the x-axlis at that cross sectlon

% =  wn (dy [ dz) ~ 2*1 (2.3)
Hence, we have

E=MH~an, m=2"_14 =
n

for a parameter x which determines the flow.

1
1+1v(r—1) (24)

The following three cases are possible:
1>k >n, k = n, n>k>0 (2.9)
3. For 1> x> n , the parameter X defined by Expression (2.4)
increases without 1limit. It 1s easy to show that 1f 1sentropic flow 1s
assumed, the product N6 calculated form values at the wall slso lncreases
without limit with increasing x . Assuming the opposite, i.e. that the
quantity N8 &t the wall is bounded everywhere and that the flow 1s lsen-

tropic, wWe can solve the Cauchy problem and find the flow everywhere in the
channel an the basis of the given values of the flow parameters at the wall.
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As in the case of flow around a slender body, W6 1s a bounded quantity o.
order of magnitude one. The quantity K=M_¥, turns out to be bounded in
exactly the same way, which contradicts our premise.

Let us now show that shockless flow in the nozzle is impossible in the
case being considered., Once again we assume the opposlte: let isentropic
flow take place in the nozzle up to
, x = » , We choose a cross section 45
,EL::X? (Fig.2) such that the parameter pg
is sufficiently large everywhere. Let

us extend the second-family character-
istic AC from the point 4 . Accord-
ing to [1 and 2], this characteristic
> 8 goes to 1nf1n1ty without 1ntersect1ng

Fig. 2 the x-axis forming a constant angle g’
with the x-axis at infinlty. The angle

8’ 1s given by the expression (Equation (6.1) of [2]).
9

"=V — G, (3.1)

where , and M, are the slope angle between the wall and the x-axis and
the Mach number at the point A , respectively.

The quantity @’ 1s indeed greater than zero, since by virtue of the
unlimited increase of x it 1s always possible to find an x such that the
second term in the right side of (3.1) 1s less than the first. The charac-
teristic A4C therefore 1lnevitably intersects the channel wall, and since
the angle between it and the x~axls tends to zero, shock waves arise in the
stream. HaJing assumed the flow to be isentropic, we have arrived at a con-
tradiction, which proves that shockless flow in this case 1s impossible.

4, Por %k =n , the parameter X as x - « remains a finite quantity
of order of magnitude one. Recalllng that the angle of slope 1 of the
nozzle wall tends to zero with increasing x , we can take

cos 0 ~1, sin 0 =~ 6, i:~i+ 0_6_ 9.9 (4.1)

ds Oz ay’ an  dy

in Equation (1.2) with a relative error of §® , whereupon Equations(1l.2)
are transformed [1 and 2] into a system of equations of unsteady isentropic
flow in accordance with the theory of small perturbaticns of hypersonic
flows [5 and 6],

1 qdlnn golnm) 90, 48 o +M_0 @2
1'—1( L+ By,)+6y+(v )5 =0 +ay o (4.2)

Equations (4,2) coincide with the equations of one-dimensional unsteady
flow 1f we interpret n, 6, x, y @as the elasticity, velocity, time, and
coordinate, respectively If the nozzle wall is represented by Equatlon

- gx® Ex) Equation (1.1) 1s set identically equal to zero), then
gq ations (4,2) admit of a simple self-similar solution belonging to the
class of solutions of the problem of fixed gas mass scatterin? obtalned by
Sedov [3]. This class of solutions was used by Nikol'skii [4] for construc-
ting isentropic flows 1in nozzles and exit cones. In the speclal case of
self-similar 1sentropic motion, the solutien has the simple form

o=n Y, n:0.5n(1—n)k2+a’ Ao Y (4.3)

x L1 0
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where o 1s an arbitrary positive constant, and »n 1is given by Equation
(2.4). It 1s easy to see that the stagnation condition 6 = gy/dx 1is ful-
filled at the wall y = ox®. As was noted in [4#], the distribution of flow
parameters over the nozzle cross section remains nonuniform all the way to
in{inity, 1.e. the case at hand does indeed fit within the framework of the
conventional theory of small perturbations of hypersonic flow.

5., For n > x5 > 0, the parameter X tends to zero with increasing x .
As was shown in [1], the ratloc of the second term in the second equation of
{1.2) to the first term is equal in order of magnitude to X2, 1,e. as x-O
we arrive at the equation an/an= O, or an/dy= O for the case of elongated
nozzles. This means that in the present instance it 1s Jjustifiable to apply
to the nozzle the hydraulic approximation wherein the enthalpy, pressure and
density are uniform over the cross section. Taking lnto account flow rate
equation (2.,1) and the isentropic character of the flow, we obtain the asymp-
totlce expressions
vk kY Lok (v-1)
P = py (i*) . P Pa (ﬁ) ,on=, (3*> (5.1)
x T €
for p, p and n , where the quantities wilth subscript , denote some fixed
values,

6, By way of example, let us consider the self-similar solutions [3 and
7] cof isentropic flow equations (4.2). We attempt to find a solution of the
form

UAN
(r—1) =?
We obtsin the system of equatlons

n), A=Y (6.1)

6=Yv@a), =
T o

di _ 22[z—05(0 DV -+ F—-—pda-V/nl - 20=M o

v VAN —p)—vz(l—V) vir—1

dinh_ V—pp—z (6.3)
&V V(AN F—-—p—vz(I—V)

Let us consider in detail the case O < 7 < p (the meaning of the parame-
ter  will become clear below). The condition 1 < u , it is easy to show,
implies that 1 < n < u . Pig. 3 shows the pattern of integral curves of
Equation (6.2) for y = 2 'in the
half-plane g > 0O , The arrows
point in the dirctilon of increasing
» ., The points 0 (2 = 0, ¥ = 0} ;

Bz =05(y—-1n(l —n), v=n);
D (2 = 0, ¥V = 1) are nodes, the polnts
A4 (z=0,V=pland¢ (g==, V=1)

are saddle points, For v =1 we
have the additional saddle point

EG=p@x—1 3—7""°
V=20 (3 —17
For v = 2 and 1 > p > .1, where
e L3 A+ VIO - D"
*“ 2(y° —2v+ 2
(r Y ) (6.4)

Fig. 3

there arise two other singular

points that coincide with the points
G, and G, where the curves of slope zero{sa z,(V)) and infinity (x=2_(y))
of Equation (6.2) intersect ®

z:%mEQFVu—m-W—m@—g

VA —Ne—p ©.5
v(i—=YV)

z =z (V)=
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The coordinates of the points of intersection are

Vig=( —D7{B -1 +pr—2)%

+ VI, =3 —p [+ O — 2P+ w16 — 12 11} ©.6)

fe= (Vi — p)?
where the subscripts 1 and 2 refer to the points ¢, and @,, respectively.

For y = pg,, the curves z = z,(¢) and 2z = z_(v) have a point of tan-
gency with the coordinates

— —2 (n __ h
14 (r—2)2 —1 2= (Vig — psi)? (6.7)

=27+ 2

We note that the point of tangency appears to the left of the point B

for y < 2 and to the right of point 5 for y > 2 (Fig.3 corresponds to
the case | < p, when the poilnts vy, , ,, z,,, 8&re lacking). For u < py,, the
point 7 clear{y lies above the curve z = (V — u)?, while for > u,, 1t
may turn out to lie below this curve, The curve g = (V — u)? corresponds
to a limiting line 1n the physical plane, since the direction of change of
A 1s reversed in passing over it [3 and 8]. The 11m1t1 line, in addition
to the point 4 , where it 1ntersects the curve = for v =1 also
passes through the point £ (z = w®(y — 1)°(3 - v 2u(3 —y)t),
for v = 2 — through the points ¢,, G, Equation (6 6g) if these are pre-
sent. The required integral curve passes through the saddle polnt (¢ , in
whose nelghborhood it can be represented as

V=V, =

[se]
a.
V = 2, =, _ =@ L.
EZI a e e (6.8)
From Equation (6.3), taking into account (6.8), we find that
A= [ U —ppAbl—p—ab ] (6.9)
z 27
=140 —1) @ —1), b=A4p+av—1) -1

where ¢ 1s an integration constant. Making use of Equations (6.1), (6.8)
and (6.9), we obtain (6.10)

2
0=1Y% (1+w2?»2+(u47\.4+ L), = T (A8 L)
(r— 1) 22 -p)

where the constants w, and &, are expressed in terms of the constant ¢
and the coefficients of expansion of
Equations (6 8) and (6 9). For vy =1

or for v My )s 8 solution
of (6.8), (6 9) and (6 10) constructed in
the neighborhood of the point (¢ can be
extended to the singular point B that
lies above the curve » = (¥ —u)?,

shown in Fig.3. In physical coordinates
the value )\ = « corresponds to this
singular point. Let us take some point
A 1in the xy-plane (Fig.%}) and pass
through it the streamline whose equation
is

¥

@:%V <V

Fig. 4 dz <n) (6.11)

The limits of variation of V are apparent from Fig.3. Equation (6.11)
allows us to establish the inequallty

y (z) < Na" (6.12)
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for the streamline y = y(x), where n 18 some constant. The quantity
A= yr " < Nz"™¥ therefore tends to zeroc with 1nqreasinﬁ x 1n the region
of flow between the streamline 45 and the x-axis (Fig.}), since we are

consldering the case where u > n . To find the equation of the streamline,
we make use of the first equation of (6.10),

v ., vy . , . ,

ar z - (1 -+ A% - @A =, |, Yy o= ca [1 4 a2x2(1"k*) }~a4x4(l‘“)-+- .1 (6.13)

where ¢ 1s an integration constant, and g, are constants that depend on
w, and ¢ . Since by hypothesis ] < . , the second equation of (6.,13) can
be written in the form (1.1), where we set I =k , and

Ax) = e a9 o limA(z) = 0 (6.14)
X—>00

Extending the characteristic of the first family 4¢ (Fig.4) through the
point 4 and solving the Goursat problem in the"characteristic triangle
ACD , the solution thus constructed can be "sewn" to any solution for isen-
troplc flow in channel px¥ . €D 1s the characteristic of the second family
for flow in the channel. The second equation of (6.10) can be written as

q° , .

(v 1) 2D [1+ 8 (=, »], }CLH;G (,y) =0 (6.15)
by taking into account Expression (6.2) for 1 .

Compari, the last equation of

1"":

4 ¢ (5.1) with (6.15), we find confirma-
tlon of 8ection 5 in that the flow
under conslderation obeys the laws
of hydraulilcs.

Vamm If the polnt lies below the

curve z = (¥ — u)® (this 1s possible
for v =2 and u > pg, ), an integral
curve extended from the point ¢
passes through the node ¢, with coor-
dinates (6.6) and may then intersect
the curve 2 = (V¥ — p)?. In this case
a limiting line ) = Ay appears 1in the
Flg. 5 flow region (Fig.h). ¥t 15 clear that
€. if the point 4 1s chosen in the
region )\ < A,, a streamline extended
through the point 4 does not intersect the limiting line with increasing x.

7., For 1= yu=n Equations (6.2) and (6.3) have the simple solution y=n,
2=0.5(y—1)n(1=n), which is a special case of solution (4.3).

8. The pattern of integral curves for 1> 1>n>u and v=1 (or for
v=2 and u> u,;) 1s shown in Pig.5.

Here P =3t t4— V2"
Har = 20 =21+ 2)

(8.1)

As before, the required integral curve connects the points ¢ (g==, V=1)
and B (g=0.5(y—-1)n{(2—n), ¥=n). The point 5 corresponds to A= 1in
the physical plane. It is easy to show that the parameter A 1ncreases
without limit with increasing x along the streamline extanded from any
point 4 1in the xy-plane. For this reason, the asymptotlc representation
of the streamline equation obtained by integration (6.11), recalling that
V-n as A = o , may be written in the form

y=cz" (1 + A (2)), lim A (x) = 0 (8.2)
X OO
where ¢ 1s some constant. The flow we are considering. as in Section 7
belongs to the class of flows considered in Section 4. The nonuniform dis-
tribution of flow parameters over the nozzle cross section continues all the
way out to infinity without any disruption of potential flow.
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If the point B 1lies below the parabola g =(V—pu)?, as may happen for
v=2 and u< uyus, an lntegral curve extended from the point (¢ passes
through the node @, with coordinates (6.6). It can be shown that the point
¢, corresponds to a characteriatic of the second family in the physical
piane, so that weak discontinuities of the flow parameters
may occur on it, Hence, an integral curve entering the
node @, from above can be extended by any integral curve Zos
emerging from that node. As shown in Pig.6, integral auves
of three types are possible: z2,, #, and z, (z, and
are given by Equation (6.5)). bhe curve z, basses through
the point B, which in this case happens to be a saddle
point. The asymptotic representa“
tion of the streamline 1s of the
form (8.2) as before. The curve
zs entering the node D (g=0,y=1)
describes a flow that turns into
inertial scattering of the gas for —
A» =« ., The curve g, corresponds
to flow in which any streamline
(4F in Fig.3) with increasing «x
inevitably intersects the limiting
line with resulting disruption of 8
flow. These examples confirm the —
conclusion drawn in Section .3 as -
regards the impossibility of shock-
less flo. in a nozzle with generator (1.1) for 1> x> n .

9., For I =1 , Equations (6.2) and (6.3) have the simple solution y=1,
z = O corresponding to inertial scattering of the gas particles. For 1> 1,
the streamlines inevitably intersect the limiting line and the flow 1s dis-
rupted. For this reason, the stream cannot be accelerated up to N = « more
rapldly than in the case of a hypersonic source; this 1s in accord with the
results of Sectlon 2. The illustrations given here therefore confirm the
conclusions of Sections 2 to 5 about the construction of 1sentropic flow in
an expanding nozzle.

We note that for large numbers ¥ , a thick boundary layer usually arises
in nozzles; this layer tends to squeeze out flow in the isentroplc core of
the stream. In the present paper we have indicated what the law of expan-
sion of the potential core must be in order for shock waves not to arise in
the nozzle,
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